Four-dimensional quaternion-Kähler metrics with an isometry are determined by solutions to the SU(∞) Toda equation. We set up a perturbation theory to construct approximate solutions to the latter which can be interpreted as membrane instanton corrections to the moduli space metric of the universal hypermultiplet. We compute one such solution exactly up to the five-instanton level, including all perturbative fluctuations about the instantons. The result shows a pattern that allows us to determine the asymptotic behaviour of all higher instanton corrections within this solution. We find that the generating function for the leading terms of the latter is given by the Lambert W -function.
Introduction
Supersymmetry requires that the moduli space of hypermultiplets coupled to four-dimensional N = 2 supergravity be quaternion-Kähler [1] . This applies in particular to the hypermultiplets in the low-energy effective action of Calabi-Yau threefold compactifications of Type II string theory. In the special case of a single hypermultiplet with a four-dimensional moduli space -such as the universal hypermultiplet arising from the Type IIA theory on rigid Calabi-Yau threefolds -the usual characterisation of quaternion-Kähler geometry in terms of its holonomy is empty and replaced by the condition that the metric be Einstein with non-zero scalar curvature and anti-self-dual Weyl tensor [2] . In this paper, we are particularly interested in such four-dimensional quaternion-Kähler metrics that admit an isometry, for reasons explained below. Przanowski [3] and Tod [4, 5] have found the canonical form of such metrics. In terms of local coordinates (r, u, v, t) it reads
The input is a function F (r, u, v) satisfying the so-called SU(∞) Toda equation: while the 1-form Θ(r, u, v) is a solution to dΘ = * 3 (dH + ωH) , ω = dr
the Hodge dual being taken with respect to the metric G 3 . Λ in (1.3) is the (target space) cosmological constant, i.e. Ric 4 = Λ G 4 ; for the universal hypermultiplet Λ = −3/2. Evidently, G 4 admits an isometry with Killing vector ∂ t . From a physical point of view -regarding G 4 as the target space metric of a non-linear sigma model -this means that the scalar field t can be dualised into a (D − 2)-form B subject to the (reducible) gauge transformation B → B + dλ with λ an arbitrary (D − 3)-form. The target space metric of the remaining three-dimensional non-linear sigma model is then given by r −2 H G 3 . As was observed in [6] , G 3 is a representative metric of an Einstein-Weyl space with 1-form 2ω. The classical universal hypermultiplet is described by the solution e F = r to the Toda equation (1.2) . The resulting metric reads 5) which corresponds to the non-compact unitary Wolf space SU(2, 1)/(SU(2) × U(1)). Its isometry group contains a Heisenberg subgroup generated by the Killing vectors ∂ t , ∂ v and ∂ u − v ∂ t . Dualisation of t yields the classical universal tensor multiplet, whose target space parameterized by (r, u, v) is SO(3, 1)/SO(3) -i.e. Euclidean AdS 3 -which we shall meet again below. One may deform any solution F (r, u, v) to (1.2) into another solution F (r+c, u, v) with a real constant c. Applied to the classical universal hypermultiplet, one obtains e F = r +c, and the constant term captures the one-loop quantum correction to the moduli space metric with c proportional to the Euler characteristic of the compactification manifold [7] (in fact, a nonrenormalisation theorem ensures that there are no higher-order perturbative corrections that cannot be absorbed into field redefinitions [8] ). The Heisenberg isometry group is preserved by this correction. The universal hypermultiplet also receives various non-perturbative quantum corrections, which arise from Euclidean branes wrapping cycles in the compactification manifold [9] -see e.g. [10, 11, 12, 13] for early approaches of computing them. These will in general break all isometries of the target space and the Przanowski-Tod metric is no longer applicable. This situation was investigated in [14] , where membrane and fivebrane corrections at the oneinstanton level were derived within a more general framework also developed by Przanowski [15] (see also [16, 17] ). However, if one considers corrections only from membrane instantons, the axion shift symmetry generated by ∂ t survives and there should be a solution to the Toda equation that describes the non-perturbatively corrected metric. This is the motivation for our present investigation. While less ambitious than the work of [14] , the preserved isometry allows us to go beyond the one-instanton level -far beyond in fact in the presence of a further isometry. In [18] the SU(∞) Toda equation had already been used to determine possible membrane instanton corrections, but these were limited to just a few of the leading terms in the one-and two-instanton sector. In fact, after it was shown in [19] how to use string dualities to determine some of the nonperturbative corrections to the hypermultiplet moduli space exactly, the latter have by now all been worked out to a large extent in a series of papers [20, 21, 22, 23] (see [24] for a review and further references), but the twistor construction employed there makes the derivation of an explicit moduli space metric cumbersome, if not impractical -to our knowledge, no metric has actually been computed yet from the results in the above references. This is why we still regard the construction of suitable solutions to the Toda equation as a worthwile endeavour. Moreover, a few years ago it has been realised that four-dimensional anti-selfdual Einstein metrics determined by the Toda equation also occur in a different context as Einstein-Maxwell instantons in Euclidean gauged N = 2 supergravity [25] and provide a good testing ground for the gauge/gravity correspondence [26] . (The earliest applications to Euclidean gravity appear in [27, 28] .) Various solutions to the SU(∞) Toda equation are known (see e.g. [6, 29, 30, 31, 32, 33] ), but none of these appears to be relevant to the problem at hand. We cannot exclude the possibility of a suitable coordinate transformation or resummation turning an already known solution into a form that does correspond to instanton corrections in a manifest way, though we expect that finding such a transformation -if it exists -is no less difficult than deriving an instanton solution from scratch. We have chosen the latter approach.
The outline of the paper is as follows: In section 2 we consider an Ansatz for an additive deformation of the classical solution e F = r to the Toda equation and set up a perturbation theory to solve the latter. Crucial to the procedure is a reformulation of the Toda equation in the background of this classical solution into an inhomogeneous Laplace equation in Euclidean AdS 3 . Solving this to first order in the deformation, we find that membrane instanton-like functions appear automatically. At second order in what we interpret as the instanton number, certain obstructions arise. We determine a consistent deformation to this order, i.e. an exact two-instanton deformation of the classical solution.
In section 3 we restrict ourselves to a special case of the previous deformation which admits a second isometry, allowing us to continue the iterative procedure up to the five-instanton level (and beyond if desired). While we have been unable to solve the Toda equation to all orders and thereby derive an exact solution, we present an empirical formula for higher order deformations which correctly reproduces the leading terms in all instanton/anti-instanton sectors, which we determine rigorously in the appendices. Remarkably, we find that rational contributions to these leading terms always sum up to integers. We conclude by showing that the generating function for the dominant term in each instanton sector of this particular deformation is given by the Lambert W -function. It should be noted that for four-dimensional anti-self-dual Einstein metrics with two commuting isometries the Przanowski-Tod framework is not the optimal one -Calderbank and Pedersen have found the most general form of such metrics in [34] , which are determined by a function that satisfies a linear partial differential equation much simpler than the Toda equation. It is nevertheless beneficial to use the Przanowski-Tod form, since it allows for a generalisation of metrics with two isometries by breaking one of them, of which the aforementioned two-instanton deformation in section 2 provides an example.
Instanton deformations
In Calabi-Yau compactifications of Type IIA string theory, the real part of a membrane instanton action is of the form 2| Q| g
s , where g s is the string coupling constant and Q is a two-dimensional charge vector whose integral components determine how the membrane wraps around 3-cycles. As explained in [18] , only charge vectors with one component vanishing should contribute. g s is set by the vacuum expectation value of the dilaton in the universal hypermultiplet, which is described by the r coordinate -the precise relation being √ r = g −1 s . We shall therefore be looking for solutions to the Toda equation that in the small-coupling -i.e. large r -limit fall off exponentially like e −2n √ r in the n-instanton sector with n ∈ N. In order to solve the Toda equation iteratively, it is advantageous to consider e F as the function to be determined rather than F itself. Let us first separate the classical solution from the non-perturbative corrections (as mentioned above, the one-loop correction can be incorporated by a constant shift r → r + c):
with u = (u, v). A few manipulations then turn the Toda equation (1.2) into (r∂
In this form the equation resembles an inhomogeneous massless Klein-Gordon equation in Euclidean AdS 3 . Indeed, in terms of the variable x = 2 √ r , the operator = 4r(r∂
coincides with the (negative) Laplacian on the upper half-space H = R 3 | x>0 equipped with the Poincaré metric ds
Up to a numerical factor the latter is just the target space metric r −2 h G 3 of the classical universal tensor multiplet.
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Let us now decompose f into functions f n supposed to describe the n-instanton sector, in the sense that we are looking for solutions in which for large x the f n fall off exponentially like e −nx as explained above:
Expanding (2.2) in the instanton number n and equating terms of the same order using Faà di Bruno's formula, we find
The total number of terms in this equation, including the one on the left-hand side, is given by the number of partitions of n. The summation index k ℓ counts the multiplicity of the number ℓ < n in each partition. Explicitly, we have up to fifth order (we give a solution to this order below)
(2.6b)
(2.6d)
In order to solve (2.6a), we consider the Fourier transform with respect to the u variables
with q = | q|, which for q = 0 is solved by the modified Bessel functions xK 1 (qx) and xI 1 (qx) (the case q = 0 gives the perturbative solution linear in r). For large x = 2 √ r -which as we recall corresponds to a small string coupling constant -the second solution diverges exponentially, so it should be discarded. On the other hand, for large argument the asymptotic behaviour of the functions K ν (z) is given by
the leading term being just what we expect for an exponentially suppressed instanton.
In the field or string theory context the asymptotic power series would be interpreted as perturbative quantum corrections due to fluctuations about the instanton background. The modified Bessel functions K ν (z) are ubiquitous in stringy instanton calculations as they arise in the Poisson resummation of Eisenstein series -see e.g. [35, 36, 37, 13] . Thus, the general solution to (2.6a) with the desired asymptotics is given by
Here ̺ 1 ( q) is an as yet arbitrary function (more generally a distribution, see below) subject to the reality condition ̺ *
. From the asymptotics we read off the instanton action S = 2q √ r − i q · u. Due to the q-integral, f 1 contains "instantons" of all -even continuous -orders, which calls into question the above decomposition of the Toda equation. Some constraint has to be imposed on the function ̺ 1 to fix the instanton order. In fact, the equation (2.6b) at the next instanton level will restrict ̺ 1 , but not sufficiently. It was not to be expected that the Toda equation alone would impose instanton charge quantisation, this has to be put in by hand. The homogeneous solution for each f n is of the same form (2.10). Particular inhomogeneous solutions to the higher order equations can in principle be found by means of the Green's function of the operator (2.3), which satisfies
Here we use the notationx = (x, u). Explicitly, it reads (see e.g. section 6.3 in [38] )
The general instanton-like solution to the inhomogeneous equation
is then given by
We can actually find some particular solutions to (2.6b) without the help of the Green's function. Inserting f 1 , the equation turns into
Let us assume that a solution to the inhomogeneous equation is of the form
wheref 2 then has to satisfy
The derivative identities
suggest to make an Ansatẑ
with b( p, q) = a( q, p). We then find the following conditions arising from the different products of Bessel functions appearing in (2.18):
Equations (2.21a) to (2.21d) are solved by
A possible addition of e( p) δ( p + q) to a with an arbitrary function e( p) = −e(− p) would drop out off 2 . Upon inserting c and d into (2.21e) and restoring the integrals, we find that (2.17) solves (2.16) provided the following constraint is satisfied:
This restricts the possible choices of ̺ 1 ( q). Until now we have tacitly assumed it to be an ordinary function. This does not appear to be compatible with the above constraint. The only way ̺ 1 ( q) can relate q to p, which are independent integration variables, is to fix the direction of q and hence of p . This is achieved by a distribution of the form
where Q ∈ R 2 is some constant unit charge vector and D 1 (λ) = D * 1 (−λ) may contain derivatives with respect to q. It is not clear to us how the same condition arises from the Green's function approach. We shall consider D 1 (λ) ∝ δ(λ ± 1) only, which allows us to speak of one instanton. If D 1 (λ) with |λ| = 1 contains no derivatives, i.e.
with A ∈ C constant 3 , the constraint (2.23) is satisfied by virtue of q and p being enforced to be parallel. Observe that c( p, q) and d( p, q) then vanish. At least up to the first instanton order the resulting metric will possess a second isometry, commuting with ∂ t , since u and v then appear only in the combination Q · u (provided the 1-form Θ is suitably chosen). We shall study this case in detail in the next section. In order to break the isometry in the (u, v)-sector, ̺ 1 ( q) has to contain derivatives of delta functions. Consider
with another constant vector R ∈ C 2 . Inserted into the constraint (2.23), the derivatives act on everything to the right of ̺ 1 ( p) ̺ 1 ( q). Unless both factors of the square
are being differentiated, at least one of them vanishes due to the condition q = ± p imposed by the delta functions. It remains to evaluate the terms of the form
These too vanish once the integrations are performed and hence the constraint is satisfied. ̺ 1 ( q) then yields the following solution to (2.6a):
Clearly, if R is not aligned with Q, the first term in f 1 will break the remaining isometry in the (u, v)-sector. In the special case R · Q = 0, f 1 reduces to the function in equation (C.5) in [14] . Note that this condition allows for the discrete symmetry transformation u → u + 2πm Q with m ∈ Z (accompanied by a transformation of t whose form depends on the choice of Θ). f 2 can be computed straightforwardly from the above formulae. c( p, q) and d( p, q) now contribute since they get differentiated twice before the condition q = ± p is imposed. Let us give the result only for the case R · Q = 0, which is already rather complicated:
Each term is bilinear in Bessel functions and behaves asymptotically like e −2x for large x, in agreement with our identification of f 2 as a 2-instanton deformation. We comment on the absence of a phase factor in the second line in the next section. The metric G 4 can now be determined from the formulae in the introduction, the ingredients being the function H and the 1-form Θ apart from F . We again restrict ourselves to the case R · Q = 0 and consider only the 1-instanton sector. As mentioned above, the perturbative corrections can be incorporated by means of a constant shift r → r + c in F :
Here the ellipsis denotes higher instanton contributions. We then obtain from (1.3) (with Λ = −3/2)
where we have used the identity
Finally, up to an exact form the solution to (1.4) is given by
A deformation with two isometries
We now have a closer look at the deformation following from ̺ 1 ( q) in (2.25). This is simple enough to go beyond the 2-instanton level. In terms of the variable w = Q · u we then have
where we write A 1 instead of A for the time being. To preserve the second isometry at higher orders, we make the same simplifying Ansatz for every homogeneous solution f n , -configurations absent from the deformation in this section are greyed out.
only with instanton charge n. At each level we then obtain one new complex constant A n . This leads to the following 2-instanton deformation:
We can go on and solve the equations of higher order as well without encountering any more obstructions, but the number of terms grows quickly. At the 3-instanton level, some new structure appears:
Note that while all terms go like e −3x for large x, there are two different phase factors similar to what we have already observed in (2.29). These phase factors allow us to distinguish instanton and anti-instanton contributions, counted by pairs of non-negative integers (m,m). n-instanton terms with n = m+m carry net charge q = m−m. f 3 contains (3, 0)-and (2, 1)-instanton contributions as well as their complex conjugates with m andm interchanged. In the above expressions we observe that no terms with m =m occur 4 -the instantons at hand all carry non-zero net charge. By contrast, the 2-instanton deformation (2.29) in the previous section also contains a (1, 1)-instanton contribution. The structure of the solution for e F up to n = 5 is displayed in table 1. It is reminiscent of the resurgence triangles in e.g. [41] , but no resurgence occurs here since the asymptotic expansions (2.9) of the modified Bessel functions K ν (z) are Borel-summable -each instanton order is well-defined on its own. The n-instanton functions f n are -by construction -interconnected of course, as is apparent from the appearance of the constants A k with k < n in f n . In fact, if we drop all homogeneous solutions to (2.5) for n > 1 by setting A n>1 = 0 so that only A 1 ≡ A remains, the higher instanton functions f n are determined completely in terms of the 1-instanton function f 1 . Let us study this case in the following. The f n in (2.4) then take the form
with g m,m (x) real functions symmetric in their indices and zero for m =m, such that
We have determined the g m,m exactly up to the 5-instanton level by solving equations (2.6a) to (2.6e) -see appendix A. The solutions read (dropping arguments for the sake of readability)
Here we have used the identity (2.32) to avoid explicit powers of x. We make the following observations about the g m,m listed above:
1. All coefficients are integers.
2. The sum of all coefficients in g n,0 equals (2n) n−1 .
3. The sum of all coefficients in g m,m with m,m > 0 equals zero.
Since the leading term in the large z-expansion of K ν (z) given in (2.9) is universal for all ν, the second observation suggests that for large x
We prove this asymptotic behaviour for all n in appendix B. Furthermore, in the same appendix we show that for m,m > 0
This explains the third observation above since the factor x −1 arises from the next-to-leading order terms in the expansions of the Bessel functions -the leading order terms thus sum up to zero. It is remarkable that even though the expansion coefficients a 1 (ν) in (2.9) that enter here are rational, we again only find integral prefactors to leading order. The reader is encouraged to verify (3.8) for the functions in (3.6) using (2.9). Our results for g m,m listed in (3.6) display a structure that is captured by the following empirical formula, valid at least up to n = 5:
where h m,m contains subleading terms of order O(x −1 K n ν ) that are present for n > 3:
The functions c In the same appendix we also derive a partial result for c (1) m,m . 5 We have verified it also for n = 6 but refrain from giving the lengthy results.
The formula (3.9) for g m,m is symmetric under interchange of m andm and vanishes for m =m as required. Form = 0 it reduces to
This immediately yields (3.7), since to leading order the terms in square brackets produce the factor 2 n − 0 n .
According to the asymptotic behaviour of the g m,m found above it is the pure instanton and anti-instanton configurations on the edges of the triangle in the (m,m)-table that dominate for each n, and the leading term in the large x-expansion of the functions f n (x, w) is captured by the expression in (3.7). Moreover, due to the factor (m −m) 2 in (3.8), at each level n the contributions from (m,m)-instantons become ever smaller the more one moves into the interior of the triangle. We can calculate the sum of all leading instanton contributions. In terms of the original variables r and u and a rescaled integration constant α = − √ π A, we find
with complex 1-instanton action
Denoting the argument of the power series by z = e 2πiτ , where 15) we are led to consider the expression
This is the series expansion of the principal branch of the Lambert W -function [42, 43] 6 , which is defined as the solution to the algebraic equation W e W = z. Its radius of convergence is given by e −1 , as is easily confirmed using the ratio test. Provided the constant α is not exponentially large, z will reside in the disk of convergence for large r. We conclude that
Here the factor 1 + O(r −1/2 ) is to be understood as denoting our neglect of all subleading terms in each instanton sector. While within its disk of convergence the power series (3.16) is not just a formal one but an actual function, its real part taking values in the range (−1, 0.2785), W (z) should be regarded as the generating function for the leading n-instanton contribution to e F .
Conclusions
We have derived deformations of the classical moduli space metric of the universal hypermultiplet in Type II string compactifications which exhibit the form of membrane instanton corrections, by means of a suitable perturbation theory for the SU(∞) Toda equation. Our results significantly extend earlier such deformations in the literature by going beyond the one-instanton sector. Since all membrane instanton corrections to the hypermultiplet moduli space are known in principle from a twistor construction [24] , it would be nice to compare our results with the latter. This should decide which of our deformations -if any, as we do not claim to have found all possible ones corresponding to membrane instantons -describes the universal hypermultiplet and fix the integration constants. A feature of the deformation with two isometries constructed in section 3 which is surprising from a purely mathematical point of view (at least to the author) is the ubiquitous appearance of integers where naively one would expect rational numbers. This suggests a counting problem. In stringy instanton calculations, integers arise from counting BPS states, and it is encouraging that our formulae seem to reflect this, but there must exist an explanation independent of physics -similar to the existence of integral Gopakumar-Vafa invariants for Calabi-Yau threefolds which are related to rational Gromov-Witten invariants (see e.g. [45] ). The fact that the function T (z) = −W (−z) is the exponential generating function for the number of labelled rooted trees [43] leads us to speculate about a relation or combinatorial equivalence to problems in graph theory. This is supported by the appearance of the expression m m−2 in the asymptotics of g m,m , which according to Cayley's formula counts the number of trees on m labelled vertices. A better understanding of the combinatorial properties of our perturbation theory might help in completing the deformations presented here into exact solutions to the Toda equation. Ultimately, one would of course like to investigate the physical effects of quantum corrections to the hypermultiplet moduli space. First steps in this direction were taken in [46, 18] , where it was shown that membrane instantons allow for de Sitter vacua in gauged N = 2 supergravity, and more recently a proposal was put forward in [47] to derive natural inflation from instanton corrections to the universal hypermultiplet. We hope that our new results can contribute to these endeavours.
In order to determine the functions g m,m (x) in the Ansatz (3.4) for f n (x, w), the equations (2.5) need to be further decomposed with respect to the finer grading provided by the instanton/anti-instanton numbers (m,m). Having made the w-dependence explicit in (3.4), the partial differential equations (2.5) then reduce to ordinary ones for g m,m . Using the notation
where q = m −m as a result of applying ∆ to e i(m−m)w , the equations determining g m,m up to n = 5 read
1 (x g 2,1 ) = 2 4x g 
Here we have used the symmetry relation g m,m = gm ,m in the equations withm > 0. The solutions to the above inhomogeneous equations are given in (3.6), as can be easily verified using a computer algebra system.
B Asymptotic behaviour of g m,m (x)
We start with equation (3.7), which we prove by induction. Let us assume therefore that the relation holds up to instanton order n − 1. The functions in (3.6) show that this assumption is true for the first few n. We then want to determine the leading term in g n,0 (x), for which we have to solve the differential equation (2.5) for large x. The dominant terms on the righthand side are contained in those multiplying the highest power of r = x 2 /4. The latter arise from those partitions of n with multiplicities k ℓ for which n−1 ℓ=1 k ℓ = 2, i.e. decompositions into two summands. There are only two kinds of possibilities -either two different k ℓ equal one or one k ℓ equals two, with all other k ℓ = 0. The latter can only happen for ℓ = n/2. Thus, to leading order
Let us write the expansion (3.4) in an obvious notation as
with f m,m ∝ e i(m−m)w . Inserting this into (B.1) and using the induction hypothesis for g k,0
with k < n, we then find
The last equality follows from evaluating the identity
for f (z) = e z at z = 0. 7 We now consider the Ansatz
with power p and constant N n,0 to be determined. When applying to f n,0 , we find
with q = n, where q was defined in (A.1). The leading terms on both sides of (B.3) then match if p = 1 (this gives the overall factor of x/2 in (3.4)) and N n,0 = C n,0 /n(n − 1) = (2n) n−1 , which completes the proof of (3.7).
We now turn to (3.8), which we also prove by induction. The mild induction hypothesis is that up to order n − 1 the g m,m with n − 1 > m,m > 0 are subleading to g n−1,0 for large x. Again, the functions in (3.6) show that this assumption is true for the first few n. We then want to determine the leading asymptotic behaviour of g m,m withm = n − m > 0.
The dominant contribution to f n is again given by (B. C Subleading terms in g m,m (x)
In this section we determine some properties of the functions h m,m in (3.9). In particular, we compute the terms in h m,m -and thus in g m,m -containing the two lowest explicit powers of x, i.e. the last summands in (3.10), which are of the form x 3−n K n ν for n > 3 and x 4−n K n ν for n > 4. They arise from the two terms of lowest power of r = x 2 /4 on the right-hand side of (2.5). These are universal for all n and are given by a single partition of n each: where the first term appears for n > 1 and the second for n > 2. While f n contains explicit powers of r −1/2 for n > 3, the powers of r multiplying the f n>3 on the right side of the above equation grow so quickly that the latter do not contribute to the terms we want to compute. We are interested in the (m,m)-part of (C.1). Using the expansion (3.4), the results for f 1 and f 2 following from (3.6) and the identities provided that n ≥ 3 for the first term and n ≥ 4 for the second. In the cases n = 3 and n = 4 the respective term in h m,m contains no explicit power of x and is captured by g m,m −h m,m in (3.9). For n > 3 and n > 4, respectively, we read off from the above equations the functions c m,m . We have not found a way to determine it for all n, but we can at least derive the overall numerical coefficient for m,m > 0. Let us denote the latter by |c m,m |, respectively, as given in (3.11) . In these two cases, the latter also provide us with |c (1) n,0 |. 9 For instance, c 
